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MOTION OF A CHARGED GAS FILLING A CYLINDRICAL CAVITY WITH A CROSS SECTION IN THE 

FORM OF AN ARBITRARY ELLIPSE 

V. A. Levin 
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Consider the mot ion  of a one -componen t  charged gas  in an ex ter -  
na l  m a g n e t i c  f ie!d,  this gas i n i t i a l l y  f i l l ing  a cy l ind r i ca l  c av i t y  and 
hav ing  an e l l i p t i c a l  cross sect ion.  The s teady m a g n e t i c  f ie ld  l ies  

along the axis of the cy l inder ,  whi le  the induced m a g n e t i c  f ie ld  is 

neg lec t ed ,  s ince the nonre la t iv i s t i c  case is envisaged,  and the cur- 

rents are smal l .  The mot ion  is essen t ia l ly  two-d imens iona l ,  i . e . ,  is 
dependent  on the coordinates  (x, y, t). The.solut ion cannot  be  found in 
genera l  form, but  the inves t iga t ion  can  be  carr ied  to comple t i on  in 

one case  of p r a c t i c a l  impor tance .  We seek a solut ion describing the 

uniform re la t ive  deformat ion  of the gas  in gene ra l  form.  

Such solutions h a v e  been  der ived in ordinary gasdynamics  [1, 2], 

in  magne tohydrodynamics  [8], and in  gasdynamics  in  the presence 

of a g rav i t a t i ona l  f ie ld  [4].  

The fol lowing sys tem of equat ions describes the mot ion:  

du q~ u 
m 7/- = q grad ~p-- c X Ho, 

01z 
0~/@ div nu = 0, kq0 = 2aqn ,  (1) 

in which m is the mass of a pa r t i c l e ,  q is charge,  c is the v e l o c i t y  of 

l igh t ,  n is density,  r is the e l e c t r i c a l  po ten t i a l ,  and H0 is the s teady 
m a g n e t i c  f ie ld  ac t ing  along the Oz-axis .  

The gas has a constant  densi ty  n o at  t = 0 together  with a v e l o c i t y  

distr ibution l inear  in the coordinates ,  whi le  the cross sect ion is de-  

scribed by xa/a s + yS/ba  = 1. This shape of cross sect ion g ives  r a 

quadra t ic  form, and this means  tha t  the dependence  of the v e l o c i t y  on 

the coordinates  remains  l i nea r  for t ~ 0, wi th  the result  that  n is uni-  

form over the e l l ipse  at any g iven  t, but  the s ize  of the e l l ipse  changes,  

as does its o r ien ta t ion  in space .  
We transform (1) by introducing the dimensionless  va r i ab les  

n = noN, ~z = 1/2nq'-'n o / m a U, ~p = 2.~qnoa2q~, 
,g 

t ~ , x = a t ,  y = a~l. (2) 

In Lagrange var iab les  (g0,~/0, r)  we ge t  

OU (OrD, Ot ( qHo ~ 1  

OV gO0\  Or I 
0-7 = I N  ho, ,,~ + ~u,  0-7- = v ,  

o (t, n) 
N O (to, ~1o) --  t ,  Aq~ = N. (3) 

Here ( )g0,~0 means tha t  the force is wri t ten  in terms of g0 and 7/o. 

We seek the solut ion in the form 

.~ = ~ o ~  ('c) -i- ,qo~ (% ~ = go % (~) + ~1o p- ('~). (4) 

The densi ty N is g iven  by  

N-~ = ~i~ -- ~i~ = D .  (5) 

Consider how the cross sect ion varies  (Fig. 1). The equat ion  of the 

e l l ipse  at  r = 0 is 

The axes of the e l l ipse  subsequently vary,  as does the or ien ta t ion .  

The equat ion  for any t r e l a t i ve  to the o r ig ina l  posi t ion of the axes is 

(~g~ - -  ~l~z) ~ D -~ @ ~-~ (~,ni--~=) ~ D -~ = i .  (6) 

The boundary remains elliptical, and the equation applicable in a 
coordinate  system l inked  to the p r inc ipa l  axes  is 

~12/al 2 -7 ~lP/bl 2 = t .  

Here a 1 and b 1 are the semiaxes  in the mov ing  coord ina te  system, 
which is turned through 0 r e l a t i v e  to the i n i t i a l  system; a l ,  b~, and 0 

Fig. 1 

are given by standard formulas in analytic geometry. The potential in 

the moving coordinate system is 

4) (t~, 111, "0 ~ . a~baN { t l  ~ - -  ~h2\ . . . .  ~ ~ 2  ( a ~ 7  b~) ' , ,~  T ~ ) .  (7) 

We substi tute (7) into the equat ions of mot ion  and use the formu- 

�9 1as for passing from the mov ing  coordinate  system to the f ixed one to 

get  

i 

aiblN C ~ /  
~"-2(a ;V; l fL~2(@ + < / +  

+ ( 5 -  + o,... 

*;'=g(a~ + b,) *~ G? + ~-~) + 

\ 0; 1 b] ' 

alb~N [ / 1 "~ ', 
%" - 2 (a~ + b9 ~ ",-d[ § ~-~) + 

+ ( , 1 _  t ,  
, ai  ~ )  (b~I sin 20 - -  ~e cos 20)1 -7~ z,tq'. (8) 

The i n i t i a l  data are 

~ ( 0 ) = t ,  % ( 0 ) = 0 ,  , % ' ( 0 ) = % ,  

% ' ( 0 ) - - ~  ( i = l , 9 ) .  

The quant i t ies  a l, b l ,  N, and 0 are expressed in the usual  manner  

in terms of/a t ,  ~2, ~1, and ~2. 
If H 0 = 0 (o = 0) and pi ' (0) = 0 at t = 0, we can  obtain the solution 

in exp l i c i t  form; here  ?l  = ~2 = 0 = 0, whi le  (8) g ives  

3 i 
,al" --  ~tl + 8p_'  ~2" --  t~1 + ~P- ( 9 )  

The solut ion may  be  put  as 

~ = ~t~= + (~1-~=,)  * + (1--~) ,  
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Z = 2 ~ L  2 ~ -  (0~1 - -  ~ 2 )  "g ~ -  (1 - -  ~). 

The ra t io  of the s emiaxes  for ~he chang ing  e l l ipse  is 

(lO) 

a l  ~ + ( ~ , - -  ~ ) ~  + ( 1 - -  B) (11) 

It fol lows from (10) that  the  e l l ipse ,  no ma t t e r  what  its i n i t i a l  

shape, becomes  a c i r c l e  (at /b I --~ 1) as r ~ ~. Figures 2 and 3 show 
the behavior  o f a l / b i a n d a  i = 0 and for several l3 .  The result  m a y  be  

used to descr ibe the behavior  of a pa r t i c l e  b e a m  if i t  is reasonable  to 

assume planar  sections; an e l l i p t i c a l  b e a m  thus tends to b e c o m e  c i r -  

cular  as i t  propagates .  System (8) has been  in tegra ted  n u m e r i c a l l y  

for o ~ 0 and a i =/3 i = O; Figs. 4 - 9  show the results for B = 10 and 

various a .  The ra t io  of the semiaxes  becomes  per iod ic  when o ~ 0, 

as do the semiaxes  themselves ;  but  the precise  cha rac te r  of the o sc i l l a -  

t ions is very much  dependent  on ~, the amp l i t ude  and period be ing  in-  
versely re la ted  to o. The  o r i en ta t ion  of the p r inc ipa l  axes also changes,  

be ing  rotated through 0 r e l a t i v e  to the f ixed system, as shown in Fig. 9. 

This imp l i e s  that  the  b e a m  has a per iod ic  structure, with the prin-  

c ipa l  axes ro ta t ing  a long the b e a m .  

We are indebted  to B. V. Kudashkin for performing the ca lcu la t ions .  
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